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' Abstract 

This article is based on the covariant canonical formalism and correspond- 
ing symplectic structure on phase space developed by Witten, Zuckerman and 
others in the context of field theory. After recalling the basic principles of this 
procedure, we construct the conserved bilinear symplectic current for generic 
elastic string models. These models describe current carrying cosmic strings 
evolving in an arbitrary curved background spacetime. Particular attention is 
paid to the special case of the chiral string for which the worldsheet current is 
null. Different formulations of the chiral string action are discussed in detail, 
and as a result the integrability property of the chiral string is clarified. 
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1. Introduction 

Following a preliminary study P whose application was restricted to the non- 
conducting Nambu Goto (NG) strings, in this article we focus on conducting cos- 
mic string models and apply the general principles of covariant canonical variational 
analysis. As emphasised by Witten, Zuckerman, and others jSOllllElEllZllHl in the 
context of relativistic field theories, the potential utility of this covariant analysis is 
as a starting point for covariant quantization. Despite that, our aim is not to quan- 
tize. Rather, the culmination of this analysis is the construction of a corresponding 
symplectic structure which is locally representable as a current. This symplectic cur- 
rent — which should not be confused with the world-sheet current of the conducting 
string — is defined as an antisymmetric bilinear functional of a pair of independent 
perturbations, and it is conserved whenever both perturbations are on shell (in the 
sense of satisfying the relevant dynamical field equations). 

The task of extending such analysis from ordinary fields to branes (meaning sys- 
tems with support confined to a lower dimensional worldsheet) was recently taken up 
by Cartas- Fuentevilla jHi IS] . The necessary analysis is facilitated by the relatively 
new development [TTl [T21 [121 suitably covariant methods of geometrical analysis, 
which have already been shown to be far more efficient than the more cumbersome 
(and error prone) frame dependent methods used in earlier work for treating other 
problems, such as the divergences arising from self interaction I15 | ITT)]. 

The preceding article P demonstrates the agreement of the canonical approach, 
as developed by Cartas- Fuentevilla [HI Cn]? with the result of an earlier and rather 
different approach to the construction of the symplectic surface current. Both 
these analyses focused on strings with no internal physical structure on the worldsheet, 
that is on actions of the simple Dirac-Nambu-Goto type which are proportional to 
the worldsheet surface measure. 

The present work deals with the more general case of elastic string models of the 
kind |T7] appropriate for macroscopic applications, such as the strings used for musi- 
cal instruments since the time of Pythagorus, and in particular for the macroscopic 
description of the effect in cosmic strings of mechanisms of the various (fermionic 
and bosonic superconducting) kinds originally proposed by Witten ^H]- The earli- 
est work on the consequences of the Witten mechanism emphasised effects due to 
electromagnetic coupling, but it was recognised by Davis and Shellard ^H] that the 
most important consequence would be the formation of vortons, meaning centrifugally 
supported equililibrium configurations of loops in which effects of electromagnetic cou- 
pling (if present at all) are relatively unimportant. While it is also possible to have 
non-circular vorton configurations j^O] ? the simplest possibility is that of circular con- 
figurations. In this case (provided electromagnetic effects are absent or negligible) 
both the static equilibrium and full dynamical evolution is particularly amenable to 
an exact mathematical treatment: this was provided by a recent study |2I] whose 
notation scheme will be followed here. 

This paper is set up in the following way. In section 2 we review the generic elastic 
string model and the limit case of the chiral model, and derive the relevant equations 
of motion. Different formulations of the chiral string action are discussed in detail in 
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section 2a, and as a result we are able to reinterpret more simply the integrability 
property of the chiral string. The purpose of section 3 is to summarize the basic steps 
of the canonical analysis of Witten and others, and this is done in the context of a 
general worldsheet action density. In section 4 we discuss in which reference system 
the symplectic current will be evaluated; the result for the general elastic string is 
given in section 5, and for the chiral string in section 6. Finally this paper contains 
an appendix in which we use Dirac's Hamiltonian method for constrained systems in 
order to write the chiral string action in a linearised Polyakov-like form. 

Since there are many different indices to keep under control in this analysis, we 
have tried to clarify the presentation by using a colour scheme. Black indices refer 
to spacetime quantites; green quantities are geometrical, describing the embedding 
of the brane (in this case a string) in the background spacetime; and blue indices 
on a vector run over both spacetime and internal indices. We have decided to write 
all physical quantities (invariant under gauge transformations and rescalings) in red; 
generalised momenta are written in brown; and quantities in purple are dynamical 
(generally gauge or normalisation dependent) variables. 

2. Elastic and chiral string models 

The string models we consider are governed by an action integral of the form 

X= /L|h/ll^/MV, (1) 



over a supporting worldsheet with internal coordinates o"* {i = 0, 1) and induced 
metric = g^^x^^x^p in a background with coordinates , (// = 0, 1, ... c?) , (c? > 2) 
and (flat or curved) space-time metric g^^^. In the NG case, the scalar Lagrangian 
action density L is just a constant. For the more general category j2^ of elastic 
string models considered here, L depends on the magnitude of the gradient of a freely 
variable phase field ^p. More explicitly the equation of state is L{w} where 

w = V'^7'^'<^,i<^,i (2) 

with 'ip a normalisation parameter with fixed value given 

^2 = . (3) 

The constant k„ may be fixed according to convenience without loss of generality 
of the model: the standard convention however, is to choose such that the 
derived quantity /C defined by 

tends to unity in the null limit w (see equation [T31 and section 2a). 

For any such elastic string action there is a corresponding c/izra/ string action which 
is obtained by relaxing the condition that is fixed, and letting it instead be a freely 
varying auxiliary field. On application of the variation principle, it follows that the 
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on shell configurations satisfy the same dynamical equations as in the corresponding 
elastic model, though there is now the further constraint that w = 0. It can be 
verified that this null constraint is consistent with the dynamical equations: if w = 
at an initial time, it will automatically be preserved by the evolution of the system. 

This chiral string is of interest [22] since in a number of different and cosmologically 
relevant cases ^Hl I24j . Witten's fermionic zero mode mechanism indeed gives rise to 
purely left (or purely right) moving modes and hence to a null current. Furthermore 
it was recently recognized fl^ 123 I2Z| that the chiral string equations of motion are 
exact integrable in a fiat background (see also further comments on this in section 2). 
This has led to a number of analyses of the cosmological consequences of chiral cosmic 
strings [23 I2H] • The chiral string can also be thought of as a useful approximation 
for the treatment of nearby solutions of the less tractable generic elastic class. 

As in the simple NG case (y? = 0), the full set of dynamical equations for the 
generic elastic case is given by the local surface energy momentum conservation equa- 
tion, which takes the standard form 



^^T>"' = . (5) 

Here the surface covariant differentiation operator V is defined in terms of the fun- 
damental tensor r/^'^ by 

v;. = <v. , = 7'''^>r. ' (6) 

and the surface stress momentum energy density is defined by 

^..^2||7||-/^^^^^. (7) 
dgf,u 

The motion of the worldsheet is governed by the orthogonally projected part of ^ 
which takes the form 

T'^'^K^/ = , (8) 
where K^^p is the second fundamental tensor as defined [T7] by 

K,/ = vl^.v". ■ (9) 

For the NG string T^"^ is simply proportional to the first fundamental tensor and 
the extrinsic evolution equation © by itself constitutes the complete set of dynamical 
equations. However, in the elastic case, the surface stress energy tensor is slightly 
more complicated; 

T"" = Lif" + }Cc''c'' , (10) 
involving a surface current c'^ given by 

c'^ = I V'^^ = |^!^7%. • (11) 

Now the full set of dynamical equations is given by the extrinsic evolution equation 
(|H1), together with the surface current conservation law 

V;.c^ = 0. (12) 
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In the chiral case these equations also apply, though they must be supplemented 
by the constraint w = 0, which means that the current c'^ is null. In this null current 
limit, the Lagrangian L tends to a fixed value specified by the relevant Kibble mass 
scale m say, and for the standard choice of k„ the quantity /C tends to unity according 
to the specifications 

L{0} = -m2, /C{0} = 1 (13) 
(see section 2a). Thus in the chiral case the stress energy tensor will take the form 

T"'' = -771^7]^"" + c^'c" , (14) 

subject to the nulhty condition 

c% = 0, (15) 

where the current is given simply by 

c^' = ifjVif = ifj x^7'V,i • (16) 

Recall that whereas ip is held constant in the analogous formula (jlip for the elastic 
case, it may vary in (jl6|) for the chiral case. However, the on shell variations of 'ip are 
severely restricted since on a two dimensional world sheet, the nullity condition (fT3j) 
(i.e. w = 0), automatically imposes that the phase field must satisfy the harmonicity 
condition 

(Il7ir/V^.),. = 0. (17) 

It can thus be seen from the internal coordinate version of the current conservation 
law ()12j) . namely 

(ih/ir/v^v'.o.-o, (18) 

that the auxiliary field must satisfy the dynamical evolution condition 

7>,V',, = 0, (19) 
which implies that tp will be restricted on shell to be a function just of ip . 

2a. Further properties of chiral strings and different actions 

Whereas different equations of state for L{w} give qualitatively different elastic 
string models, the chiral model on the other hand is unique (just as in the NG case), 
modulo the choice of the fixed mass scale m. Thus there is no loss of generality in 
taking the chiral string equation of state to have the simple linear form originally 
proposed by Witten [TH], namely 

L = -m^ -\w =^ /C = 1 . (20) 

However, it is instructive to consider the many different allowed alternatives which 
may, for instance, make the integrability property of chiral string mentioned above 
more transparent. Indeed one can see that the equations of motion ()15p and (fTHj) as 
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well as the stress energy tensor p4|) for the chiral string can be obtained from any 
action of the form 

L = —m^ — + 02^^ + asw^ + . . . , (21) 

where the a„ {n = 2,3,.. .) are arbitrary numerical constants. These additional 
terms do not contribute on shell since in the equations of motion they lead to terms 
proportional to w"-"^ which vanish in the chiral limit w = 0. Off-shell, however, they 
are important. As we now explain, a particularly useful version of this action for 
many reasons is the non-linear form 

L = -m\l + w/m^)^/^ IC = {l + w/m^f^\ (22) 

which we shall often call the 'square root' action. 

First consider action ()22|) for arbitrary (generally non-zero) w. From the cor- 
responding stress-energy tensor it follows that the energy density U and tension T 
satisfy 

UT = const. (23) 

Hence the two sound speeds ce and cl (respectively the transverse "wiggle" and 
longitudinal "woggle" sound speeds [21]) defined by 



are equal for action (j22I)- (For a NG string, ce = 1 whilst cl has no analogue.) This 
special case = ce characterises the transonic elastic string model that was already 
known to be integrable for any w jHOI- Thus, turning now to the chiral case, once 
one has realised the equivalence of actions ()2()|1 and (f^^ it comes as no surprise that 
the chiral action is also integrable (as was first proved in reference though on the 
basis of the action in the form ()20|) ) . 

A second feature of the action corresponding to the Lagrangian given in ()22|) is 
that it can viewed as a Kaluza-Klein projection of a NG action in a space-time of one 
higher dimension |SI1 IS2] • Indeed 

X=-m^ j d^ahf'\l + w/m^f = -m^ J dV||^||l/^ (25) 

where Fy is now the projection of the {d + 2)-dimensional metric 

Ga. = ( Y .J. ] (26) 



ip'^/ni^ 



with the brane embedding is given by 



so that Tij = diq^djq^Gj^-g. 
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Finally it is interesting to observe that the action coming from ()22|) can be put 
into a Polyakov-like form — that is, a form which depends linearly on — but this 
is not possible for the action coming from (j20|l : in the appendix we demonstrate this 
using Dirac's Hamiltonian formalism for contrained systems jHEl 01] and also discuss 
the algebra of constraints. As expected, the result for the Polyakov action is 

T = -m^ J d''atf\\^/\l + w/m^)^^^ (28) 
= / dV||/i|| 1/2/,'.^- (^g^^d,x%x'' + ^d,vd,^^ (29) 

where h'-^ is now an auxilliary metric field (again see the appendix). Note that this 
Polyakov action is reparametrisation and scale invariant so that coordinates can be 
chosen such that hij = rjij where rjij is the Minkowski metric. As for the Nambu 
string [33], this could be a starting point to discuss a possible quantization of the 
chiral string |36j . 

3. General canonical symplectic structure 

Our aim is to subject the elastic and chiral string models to a canonical analysis 
of the kind described in the preceding article pp. However, before doing so, we 
summarise in this section the main features of the canonical analysis. The following 
discussion is general and is not restricted to a particular string model. 

Consider the general case of a worldsheet action density 

C=M^''^L, (30) 

in which the Lagrangian density L depends on a set of field components and 
of their surface deriatives q\ = di.q^ = dq^/da^ where the a' are the worldsheet 
coordinates. In this discussion we do not restrict the worldsheet dimension to 2, so 
that the formalism presented here will be applicable not just to strings but also to 
higher dimensional branes. The field variables q^ can be of internal or external kind, 
the most obvious example of the latter kind being the background coordinates x'^ 
themselves. (In the case of the elastic string q^ = (x^, ip).) 

Subject to the understanding that the internal coordinates are held fixed, 

6a' = 0, (31) 

the generic action variation, 

SC = CJq^+pl5q^,, (32) 

specifies a set of partial derivative components £^ and an associated set of generalised 
momentum components p^, which can be used to construct a corresponding pseudo- 
Hamiltonian scalar density 

n = pX,-c. (33) 

(The covariance of such a pseudo-Hamiltonian distinguishes it from the ordinary kind 
of Hamiltonian, which depends on the introduction of some preferred time foliation 
as for instance the appendix of this article, equation (fTIj).) 
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According to the variational principle, the dynamically admissible "on shell" con- 
figurations are those characterised by the vanishing of the Eulerian derivative given 
by 

^ = (34) 
For an on-shell configuration, i.e. when the dynamical equations 

, (35) 



are satisfied, the pseudo-Hamiltonian variation will take the form 

5'H = qWL-PlM^- (36) 
Thus the Lagrangian variation can be written as a pure surface divergence 

5C = €\i (37) 

where d'^ is the generalised Liouville 1-form (on the configuration space cotangent 
bundle) defined by 

= p'Jq^ . (38) 

Equation (|37|) shows that the Liouville 1-form is interpretable as a surface current 
that will be conserved (in the sense of having vanishing surface divergence) provided it 
is constructed from a perturbation that generates a local symmetry of the Lagrangian 
density, i.e. such that 6C = . In the general case it is not conserved. 

We can go on to construct a surface current that will always be conserved when the 
relevant dynamical equations are satisfied. This is done by taking the exterior differ- 
ential of the Liouville form, i.e. by evaluating the commutator of a pair of successive 
independent variations, in the manner described in detail in the preceding article |Tj. 
This exterior variation procedure provides us with the closed (since manifestly exact) 
symplectic 2-form expressible as 



rj7 



SA^' = 5piA Sq^ (39) 



where we have used the wedge symbol A to indicate antisymmetrisation with respect 
to the two independent variations involved. (Many authors prefer to use an extreme 
kind of abbreviation scheme in which the wedge symbol is omitted, but — as discussed 
in — the use of such ultra-concise notation can lead to confusion in cases involving 
symmetrisation as well as antisymmetrisation). It is easy to verify that whenever both 
perturbations satisfy the relevant perturbed field equations 



5£ 



0, (40) 



the symplectic 2-form will be interpretable as a conserved worldsheet current in the 
sense that it will satisfy 

^\i = 0. (41) 
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We now follow the strategy of |TTj and (as far as possible) work with quantities 
that are purely tensorial with respect to the background space. Hence we translate 
the surface current densities, whose components "i?* and depend on the choice of 
the internal coordinates a\ into corresponding quantities which have stricly vectorial 
background coordinate components. These are given by 

0- = ||7||"i/V,?9* or = ht^/^x^'^iw' . (42) 

The divergence law ()37|) is now rewritten in terms of the vectorial version of the 
Liouville form as 

W = |b/|ri/25(L||7||V2). (43) 
Similarly the conservation law ()4m) simply becomes 

V^Vl" = . (44) 



4. Comoving reference system for the simply elastic case. 

We now apply the previous formalism to the elastic string for which = [x^, ip), 
and = {p^, vr) where p^ = 5C/5x^, vr = 5C/5ip. 

The meaning of the convention ()31|) that the local variation 5 should be evaluated 
at a fixed value of the internal coordinates a* depends on how these coordinates are 
chosen. For explicit solutions of the field equations it may be most convenient to 
choose cordinates that are constant along characteristics — as discussed in section 
2a, this is particularly particularly true in the transonic case for which the extrinsic 
and intrinsic characteristics coincide. However, in the generic elastic case, the most 
convenient option is to take the internal coordinates to be comoving with respect to 
the intrinsic material structure. For a generic p-brane this is specified in terms of a 
set of p independent scalar fields; for an ordinary perfect fiuid or more general elastic 
solid in 4-dimensional spacetime one has p = 3; whilst in the elastic string case we are 
concerned with here one simply has p = 1 with the field in question being the phase 
scalar (f. Assuming the absence of singularities where the phase gradient is not just 
null but actually vanishes, there will be no loss of generality in postulating that the 
internal coordinates are comoving with respect to (f. In other words, we postulate that 
there is a vanishing variation. Sip = , and hence also vanishing gradient variation, 
Sip^i = with respect to these coordinates. 

Subject to the choice of such a comoving internal reference system, the only re- 
maining independent field variables in the elastic string model are the background 
coordinates x^, so the generic variation (j32p will take the specific form 

6c = c,e+p;^':^, (45) 

using the notation 

^'^ = (46) 

for the relevant displacement vector. The corresponding expression for the Liouville 
form (jHHj) is given by 

= p; e , (47) 
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while for the symplectic 2-form ()39|) is given by the expression 



Here the parallel variation Sp^ is given in terms of the simple momentum variation 
SPi! by 

where T^/p are the Riemannian connection components. In view of the symmetry of 
the latter it actually makes no difference whether Sp^ or 5p^ is used in (jlHI), but use 
of the parallel variation is more convenient for our next step, which is the evaluation 
of the corresponding background tensorial formulae. 

Since the background coordinate displacement will effect the Lagrangian only via 
the change of the induced metric, the resulting variation will be given simply by 

dC = ^M'/'T^''6g,,, (50) 

where T^'^ is the surface stress energy tensor defined in ((7j), and Sg^u is the Lagrangian 
variation of the metric, meaning the change with respect to a coordinate system that 
is comoving with respect to the displacement. In the absence of any Eulerian variation 
(meaning that the spacetime background is held fixed) the Lagrangian variation is 
just given by the corresponding Lie derivative: 

^9f,^ = ^£-9/,^ = 2V(^^;.) . (51) 

Comparing (jMIj) with the canonical variation formula the partial derivatives in- 
volved can be read out as 

^M = ih/ir/'w, (52) 

and 

p; = hr^'T,,V''xr. (53) 

It is thus immediately apparent that the pseudo-Hamiltonian density (jH^ will be 
given by 

||7||-i/2^ = r/-L, (54) 
and that the vectorial version of the Liouville current will be given simply by 

e^ = Ve- (55) 



5. Evaluation of the symplectic current. 

In order to evaluate the symplectic current a little more work is required. To start 
with (as in the preceeding work P]) it is convenient to go over from parallel variations 
to the corresponding Lagrangian variations using the relations 

5x':, = x'^.V.e , (56) 
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and 

5T/ = 5T/ + T/V^e - T/V^e" . (57) 
The vectorial version ()4H|1 of the symplectic current is thereby obtained in the form 

^ = hV'^,p;^^. (58) 

with 

Il7ir'/V, &p; = 5t; - T/v^e + r/Vp^ ■ (59) 

The advantage of Lagrangian variations is their convenience for relating the rel- 
evant intrinsic physical quantities via the appropriate equations of state. Follow- 
ing the example of Friedman and Schutz [HZI in the context of ordinary relativistic 
fluid dynamics, we use the second order derivative of the action with respect to the 
background metric to obtain the hyper Cauchy tensor (generalised elasticity tensor) 
according to the prescription 

, d(Ti'''\\^'\\^/'^') 

^9 pa 

The Lagrangian variation of the surface stress energy tensor will thus be obtained in 
the form 

5T''^ = (C"'"' - \T''^if'') 5gp„ . (61) 
The symplectic current can thereby be expressed in purely tensorial form as 

= {2c;;v,e + r^^'Vp^,) a e • (62) 

Using the explicit expression (jlO|) for the surface stress energy tensor in a generic 
elastic string model, the corresponding expression for the required hyper Cauchy 
tensor is obtainable from the definition ()60p in the form 

IC 

^ 2 

+ jC'^c^^c^cfd' . (63) 
aw 



6. The chiral case 

As remarked above, the only way in which the off shell action for the chiral model 
differs from that of the generic elastic case is that instead of being held constant the 
auxiliary field if) is treated as a free variable. However, as its gradient is not involved 
in the action, this extra variable will not give rise to any corresponding momentum 
contribution, so the formulae of the two preceding sections will remain valid for the 
chiral model as characterised on shell by the current nullity condition (jl5j) and the 
coresponding restrictions (jl3p . 

It was remarked that for a given value of the overall normalisation as fixed by 
the mass scale m, the same unique chiral model with the same on shell stress energy 
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tensor ()14j) is obtained independently of the equation of state. Notice, however, that 
due to the presence of the final term proportional to d/C/dw, the formula (jUHj) for 
the hyper Cauchy tensor gives a result that does depend on the choice of equation of 
state even in the chiral limit for which w = and /C = 1. The simplest possibility is 
provided by the choice j2S] of Witten's simple linear equation of state ((201), which gives 
dIC/dw = 0, so that the final term in (jUHj) will drop out altogether. However, for other 
choices such as the more useful one fl22|) discussed in section 2, there will be an extra 
term proportional to c^&'c''c'^ with an arbitrary proportionality constant. Although 
it is uniquely defined on shell, the reason why the chiral model does not provide a 
unique specification of the on shell hyper Cauchy tensor is that the range of variation 
in the relevant partial derivative formula is restricted by the requirement that, 
in order to preserve the nullity condition (fT3j) . the allowable displacements must be 
such as to ensure that the Lagrangian metric variation satisfies the on shell chiral 
variation condition 

c'd'6gp„ = Q. (64) 

However, for this same reason, the final term in (jU^ will provide no contribution to 
the on shell value of the corresponding symplectic tensor, whose value for the chiral 
model will thus be given unambiguously by substitution in of the expression 
obtained from the linear action (j20|l . namely 

C"^^p- = m\i]''^Pr]''> - \rf''rf'') + |(/7^''c''c" + /7''"c'^c" - 4c('^//'^)(''c")) . (65) 

In terms of the orthogonal projector 11^^ = g^^ — r/^^ , it can be seen that this leads 
to an expression giving the conserved symplectic current for the chiral string model 
in the form 

n'' = {c.cpr^'^'' + 2r ['^r/;! - T''''^,p)e A V.^^ , (66) 
in which the chiral stress energy tensor is given by ()14|) . 

Conclusion 

Our aim in this paper was first and foremost to calculate the symplectic current 
central to the covariant canonical analysis of Witten and others |21 El IH El El El E] 
for generic elastic and chiral string models. The purpose of this analysis was as a 
precursor to a covariant quantization. 

Our work is based on the concise and efficient covariant analysis developed in ^TJ 
IT^ IT^ . rather than the more cumbersome frame dependent methods which have 
been used by others in the case of the simpler NG string. Our results are presented 
in sections 5 and 6 for the elastic and chiral strings respectively. In the process, in 
section 2a and the appendix, we also studied with care the different formulations of 
the chiral string model. We showed the equivalence of the Witten action (used in 
most studies to date), with the square root action (equation (|221)) and in this way we 
were able to understand in a different way the integrability properties of the chiral 
string. 
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A. Appendix 

In this appendix we demonstrate how the Polyakov-action ()29p can be obtained 
from the original square root action (j22|l using Dirac's Hamiltonian formalism for 
contrained systems IM] . The bulk of this appendix is valid for arbitrary w and 
hence for general elastic string models: the special chiral limit w = will be discussed 
after equation (jH^ where the Poisson algebra of constraints — including the chiral 
one — is studied. (For a different work on constrained superconducting membranes, 
see 

Our starting point is the action 



I 



dV£ = -m' 



(7 



(67) 



in an arbitrary background metric g^^^, and brane embedding x'^. Let the two world- 
sheet coordinates be denoted by a^^'^^ = (r, a) with r time-like, and ' = di and ' = d^. 
The canonical momentum densities = 6C/Sx^, n = SjC/5(f and = SC/6'ip = 
are given by 



Pa = ^ 



m 
1 



[x ■ x')x'^ 



X x^A [xi^ifif 
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TT 



-ip — X (p — [x ■ X )lp 



c 



(68) 
(69) 



and the phase space of the system is {x'^, </?,p^, tt}. It follows directly from these 
definitions of p^ and tt that there two are primary constraints independent of x and 
(p. One (see equation ()73|) below) is straightforward to deduce. In order to find the 
other, it is easiest express both p^ and vr^ in terms oi w = tp'^Y^Lp^iipj defined in ((21), 
leading to 



w 



Z I 111 i 

p + ip ip m 

2 



w 



/2 I 2 I 
X 1p + 



p^ + 2ilj^ip''^m 



4,„'2 



Ip If 



TX 



(70) 
(71) 



Eliminating w between these equations gives the other primary constraint, so that 
the two constraints are 



Hi 

^2 



P^ + 



0. 



0, 



(72) 
(73) 



The Nambu-Goto limit is obtained when — s> (note that tt^ ~ ip^) in which case 
these expressions reduce to the standard constraints [M] for the bosonic string. 
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Had we started instead from the linear Witten action !^20\i and calculated the new 
momenta, it would have followed that the second constraint ()73|) still holds. On the 
other hand, a constraint of the first form linking and tt^ can no longer be obtained: 
though one can still express as a function of in a manner analogous to ()7()|1 . 
there is no analogue of (ffT|l for the linear Witten action. Indeed vr^ is now depends 
on ip and a;^ in a combination that can no longer be expressed solely in terms of w. 

Going back to the square root action, it follows from the above expressions that 
the canonical Hamiltonian density vanishes 

nc = 7i^p + x^p^ - £ = 0. (74) 

As explained by Dirac El] , this Hamiltonian is ambiguous since one is free to add 
arbitrary multiples of the vanishing primary constraints and secondary constraints. 
These secondary constraints arise from imposing that the primary constraints should 
be preserved under time evolution |2S|- Here, given that Tic = and that the Poisson 
brackets of the 7ii,2 are closed (see equations (ffn|l - (jHT|) below), it follows that there 
are no secondary constraints. Hence the 'total' Hamiltonian density [HHl IM] which 
determines the dynamics of the system is simply a linear combination of the primary 
constraints, 

A A 

where /i and A are dimensionless Lagrange multipliers. We now briefly turn away 
from the phase space approach to calculate the (Polyakov) Lagrangian 



n = nc + ^ni + fin2 = ^ni + fxn2, (75) 



Cp = + ^Tr-n (76) 

corresponding to (f7S|) . From the equation of motion x^{t, a') = J da{x^{T, a'),H{T, a)} 
(with a similar one for ip) it follows that = (m^/A)(x^ — fix'^), and similarly 
TT = —{ilj'^/X){fi(p' — (f). These enable all the momenta to be eliminated from Cp of 
equation (f7f)|) . and one finds in the particular case of the square root action 

I = J d'aCp = / dV||/i|| (^g^^d.x^d.x'' + ^d.ifdjif^ (77) 

where the components of hij are simply expressible in terms of A and /x: 

V^/z°° = -^, v^/iOi = ^, ^hu = x-^. (78) 
A A A 

This is the result given in (j^^ . Note that action ()77|) has reparametrization and Weyl 
scale invariance generated by the two primary constraints 7ii,2, and reflected in the 
two free parameters A and /x. For instance, an appropriate choice of coordinates can 
set hij = rjij where rjij is the Minkowski metric (or more simply one can choose A = 1 
and /i = in (|7H|) ). As for the Nambu string [22], this is one appropriate starting 
point with which to quantize the chiral string |HH] . 

As noted above, this result is a special property of the square root action. For 
example, in the case of the linear (Witten) action, equation ()2U|). only the primary 
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constraint 7^2 exists so that the 'full' Hamiltonian would now contain a single term, 
= /i7^2- Following a similar procedure to that above shows that one would no longer 
be able to eliminate the momenta in order to calculate the corresponding Lagrangian. 
(The equations of motion do not give equations for and vr but rather the equalities 
Xi, = fixl and ip = fi(p'-) 

We now make a comment about the algebra of constraints for the square root 
action. As for the Nambu string [31] (and also as previously noted), it follows from 
the equations of motion that generators Tii and 7^2 form a closed algebra (i.e. they 
are first class constraints): 



oa 

{Hi (a), 7^2(^0} oc n^^5{a-a'), 



(79) 
(80) 
(81) 



Is it also consistent to impose the chiral constraint at the algebraic level? As noted 
in section 2, the chiral constraint dC/dip = imposes the nullity condition 



w = 0, 



12) 



which we would like to express on the same footing as the primary constraints (f?^ 
and (j73p — that is, in terms of momenta only. Let this constraint be denoted by 71^. 
From equations ()7()j) and 1)711) . if therefore follows that 



H?. = a 



TX 



0, 



^3) 



for initially arbitrary a and /3. Recall, however (section 2), that the null constraint 
w = is consistent with the dynamical equations, being conserved under time evo- 
lution. At the level of constraints, we demand that the chiral constraint TYs should 
also be conserved under time evolution — in other words, that it does not lead to a 
secondary constraint. Equivalently this imposes that the Poisson brackets of 7^3 with 
the other two constraints 7^1,7^2 should be closed. In turn one can show that this is 
true only for a = 1/2 and /5 = — a(l ± -\/2) in which case 



{n^{o),nx{o')} oc n2-^6{a-a'), 
{n2{a),n3{a')} cx n,^6{a-a'), 



(84) 
(85) 
(86) 
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